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RALAKATION TUMUY AND MORMAL MODE CRIQUENCIES
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AQae di’tvidbution func-

vion prablem theraeby ceduces ro ohtainiog the aurmai wode frequency spec-

trure of the arvey, This coaoneclienr w2 previovsly pacgulated by one of

nst, aad is oeoves (within cergsin limitsrions) {n this note.
The thermal energy of & crystal v glass containing N particles is

terms of nerwal mode latticz vibraticns, sach mode hsving a chisracteristic
frequency. The freguency distribution is of great importance in calcu-
lating the specific hesat of the solid. For the eonn-dimensional arrsy, an
exact frequency distribution has been derived in the¢ classic work of Born
and ven Karman®, Fo. an isotropic three-dimcisional solid, the frequency
distribution may only be approximated (Debye, Blackman, etc.®),

Consider a lattice in which the motion of each particle is uniformly

. th .
damped, The eguavnion of motion of the j  particle in the sbsence of

external forces ig:
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vhere x,(t) is the displacement from equilibrium of the jth bead of
J
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and fricrion factor f. The quantities aij represent the interaction force
th ,th . 3 ;
constants between the 1~ and j particlegs. In a one-dimensiocnal iattice

with nearest neighbeor interactions only, the sum reduces to:

O:(Exj - xj_1 - xj+l) {e)
vhere O is the force constant between adja.ent particles.
Equation (1) may be put in the form:
q + £q - )
mg +£§ +kgq =0 (3,

n = l’ 2) ® . L] bl N

bv an appropriate transformation of coordinates., The qn(t) are the
nocvmal coordinates of the motion,
Equation {%) is readily solved, and with the initial conditioas

that qq(O) = consi. and én(O) = 0,

N
n o
an(0) -5 t -5t
q(t) = (shoe Tt e T ()
n'’ I n + - \
s =38
+ - . J
where R
n - w‘rl 0"'—‘ -
s, s lle/1 -5 | (5)
with
6 = lmk /£2
n n

Now in the strongly overdamped limit (6n =~ 0) and for times longer than
t = bm/£(4 - fn), the first term of Equation (4) dominates and the normal

mode displacement decays in time according to:

N o -t/Tn
(q,(0)q (t) = (gE(0)) e
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¢ 5 the chavseteriscic angular frequency of the undamped mode,
i

- ) c . , ; th
Eguation {7 for the relaxation time asscciatel with the n normal node

is fundamental iv fl:e present work and is seen to be independent of the
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dimengior y ¢i the oscillator array. Such a relation was proposed to

told in all dimensions by one of us in 1902 . We see here that the

postulate s tyue in the overdamped case and at long tiwes, For very

S TR

N 40 +
short times, q (U} decays as a Caussian,
M

The Rouse-Bueche (RB) theory® * of poiymer viscoelasticity can be

derived ag & special case of the equations presented here., 5ince we are

dealing with a linzar latiice in this case, equation (2) must be sub-

stituted for the third term in eguatior {1). The constant o for the RB

theory is an entropic forze constant (from rubber elasticity theory)
equal to 3T/5* vhers g2 1z the meun square length of a Gaussian segment.

The trequencies, w_, are given by the Bern-von Karman solution, namely

(8)

(Ine normal cooxrdinate treacment of the linear lattice is given in Wsunier®,)
The relarxation times are related to the frequencies by our general solution,
Equation (7), and hence ave

PR (S e
T, © FluG gin™ X -;;E;§ , for large N (9)

A = L,g, e 3 e N
In our general theory, pvesunted in Equations (1-7), the force constants

may be of any type (energetic oy entropic) and Equation (7) 1s valid for a




lattice in one, two or three dimensions. Equation (7) provides a

unique connection between the relaxation time spectrum and the :requency
distribution as discussed in reference 1. An application of Equation (7)
to the theory of the viscoelastic response of polymeric - and simple

organic - glasses is discussed in reference (6).




References

A. V. Tobolsky, J. Chem. Pnys. 37, 1575 (19A2).

R, H. Fowler and E. A. Guggenheim, Statistical Thermodynamics,
(Cambridge at the Uriversity Press, 1G56), Chaoter IV.

P. Rouse, J. Chem. Phys. 21, 1272 (1953).
F. Bueche, J. Chem., Phys. 22, 603 (1953).

G. H. Wannier, Elements of Solid State Theory (Cambridge Uni-
versity Press, 1959).

A. V. Tobolsky, J. Polymer Sci., Part C G, 157 (1965).

]




Unclassified
Security Claszification

DOCUMENT CONTROL DATA - RAD

(Sacurily clazaitication of title, body of sbhetract and indexing annotation must be emiered when tho ovs:ali repost (s classiiied)

. ORIGINATING AC TIVITY {Cormporets suthor) 2 RMEPORT IECURITY C LASSIFICATION
Frick Chemical Laboratory Unclassified
Princeton Universit 25 GMOUP
Princecon, llew Jersey 0854C - .- e -

3. REPORY TITLE

RELAXATION TIMES AND NORMAL MODE FREQUENCIES

4. DRECRIPTIVE NOTIES {Type of rapocrt and inchiaive datos)

5. AUTHOR(Y) (L.aet name. firet naw's, initial)
SuPré, Donald B.

DeutCh, J. M. ’
Tobolsky, Arthur V.
6. RRPORT DATE 78 FOTAL ND. OF PASES 75 NO. OF NEFR
October, 1967 z 5
Ae CONTRACT OR GRANT NO. 08 DRIGINATOR'S REPORT NUMBER(S)
NONR-1258(07) RLT - 100

b PROJEST NO.

NR 356-3T7

5. a‘m [ 4] ’JPOAT NOX3) (Any othe: numbers that mey be aneigroed
fe repor

d.
10. AVAILABILITY/LIMITATION MOTICEL

Qualified requesters may obtain copies of this report from DDC

11. SUPPL EMENTARY NOTRS 2. SPONSORING MILITARY ACTIVITY

Office of Naval Research

t3. ABSTRACY

A simpi. relationship between normal mode frequencies and
reiaxation times wknown to hold for damped one dimensional solids
hae been proven to obtain in all dimensions, Utilizing this
relationship, the sclution of the relar~tion time distribution
function prohlem reduces to the consideration of normal mode

frequency spectrum of the array in question, irregardless of

dimensionality,

DD .';?:‘:. 1473 »Unclassified

Sec ert?C!uSsificuﬁon




Inclassified

Secunty Classification

T4 LINK A LINY B LINK C
KEY WORDS - v AN S
ROLE W ROLE -y ROLE wY

Roiaxat ion vimes

Nermal mo frequercy

bamped harmonic lat:ice

Thermal energy i

Equation of motio

Polymer viscoelasticy

INSTRUCTIONS
1. ORIGINATING ACTIVITY: Enter the name and address imposed by secur:ty classification, using standerd statements
of the contractor, subcontractor, grantee, Department of De- such as:
fense activily or other organization (corporates author) 1ssuing (1) **Qualified requesters may obtain copies of thia
the report. N

report from DDC."'
2.. REPORT SECURT1 ¥ CLASSIFICATION: Enter the over
all security classification -7 the sspnrt, Indicate whether
‘“Restricted Data’ 18 included Marking is to be in accord-
ance with approoriate security regulations. (3) “*U 8. Government agencies may obtain copies of
this report directly from DDC. Other quelified DDC
users shall request through

(2} "“Foreign announcement and dissemination of this
report by DDC 1 not authorized '

2h. GROUP: Automatic downgrading ts specified 1a DoD Di-
rective 5200.10 and Armed Forces Indusiris! Manual. Enter

the group number Afso, when applicable, show that optional M
mdrkings have been used for Group 3 end Group 4 as suthor- {(4) ‘U S. nulitary agencies may obtain copies of s
; 17ed report directly from DDC. Other qualified users
' 3. EPORT TITLE: Enter the complete report title in al! shall request through
capital letters. Titles in sll cases should be urclassified, kL
If a meamngful (itle cannot be selected without classifice T T T
tion, show title classificatinn 1a all capitals in parenthesis (5) Al distribution of this report 1s controlled Qual-
immediately following the ytie, tiied DDC users shali request through
4. DFSCRIPTIVE NOTES If eppropriate, enter the type of : — e e 2

report, g, rnierun, progisss, summary, annual, or {inal.
Give the inclusive dates when a specific reporting period s

covered,

7 the report has been furnished 10 the Office of Techaical
Serv' es. Department of Commerce, (or sale to the public, indi-
cate this fo-! and enter the price, 1If known
S AUTHOR'S) Ynter the name{(s) ot authons) as gshown oa i 1L SUPPLEMENTARY NOTES
croan the ceport. Enter Last name, fust name, middle initief,
Hoalitary, show rank «nd branch of service. The name of
the pricoipal o 'thoy is an abaolule minimum requirement 12, SPOMSORING MILITARY ACT'VITY: Enter the name of

. N . the departmental project office or laboratosy sponsoring /fav
6. REPORT DATL. Enter the date of the vep rt as day, ing ivr) the research and development. Include address.
month, year, or month, year. I more thei one dete sppears

on the report, use Sate of publication 13 ABSTRACT. Enier an absiract giving s brief and feccusl

. Ceees s ) summary of the dovument indicative of the report ever though
‘. TOTAL MNUMHBEK OF PAGES: _Th‘ total page count it may also appear eisewhere 1n the body of (he technical re-
shoiid {ollew narmal pegination procedures, Le., enter the port !l additional apace 18 required. s continustion sheet shai!
comber of pages Containing inlormation be attached

Th ONUMBER OF REFERENCES Enter the total number of
seterences ited in the report.

Use for additional explane
tory nates.

it 13 highly desirebie that the shatiact of ¢lawsified reports
be unclassified Esch paragraph of the abstract shall end with
Ra CONTRAUT OR GRANT NUMBEK. 1 appropriate, enter on indication of the militery wecurity classifhication of the n
the applrcable number of the contract or grant under which formation in the paragraph. represanted as (IS} ($) /) er (U

the renort war written There 18 no limitation «n the length of the sbetract. How.

Bh A & 8d. PROJECT NUMBER: Enter the appropriate ever, the suggested length is from 150 t5 22% words
military department identification, such as project number,

sulg-rject mumber. syalem numbers, task number, eic. 14 KEY WORDS. Key words are technically meantngful terms

or short phreses that characterixe 8 -port and may be used as

Ya  ORIGINATOR'; REPORYT NUMBER{S) Enter the offi- index entrien {or cataloging the report Key words must be
C1ul report number by which the docurmert w:il be identified selected 80 that no secunity claanification is required  idents
and controiled by the origineting activity. Thia number mus! fie:~ such as equipment! model designation. trade name militkry
be unigque 1o tars cepot, project code name. gr grephic locstion, may he used as key

1 . ~ . e .
it OTHER REFORT NUMBER(S) I the repcrt hass been vords but will be feliewed by an indication of teh~e-al con

) ) X .
sanigaed any other report numbers (eciher Uy the orrginator text  The sesignment of links, rules. and we:ghts 8 options,

or by the wponsor: also enter thus numberis),

W AVAILABILITY LIMITATION NOTICES: Enter any ltmr |
ttations on fwrther dissemination of the report. other than those,

ML Unclavsitied

Secunty Class:hication




